Abstract. We give two examples of polyhedral Banach spaces failing all the diameter two properties, showing that there is not any connection between polyhedrality and the diameter two properties.
Introduction
Recall that a Banach space is said to have the slice diameter two property (slice-D2P) (respectively diameter two property (D2P), strong diameter two property (SD2P)) if every slice (respectively non-empty relatively weakly open subset, convex combination of slices) of the unit ball has diameter two. These three geometrical properties, which are extremely opposite to the isomorphic ones given by the Radon-Nikodym property (respectively convex point of continuity property, strong regularity), have shown to be different in a extreme way [2, 3] .
It is a natural question how diameter two properties affect to the geometry of the unit ball of a Banach space. In this setting, very recent results have appeared (see e.g. [1] ) dealing with the problem of how convex and smooth can a Banach space with any diameter two property be. For instance, there exists an example of Banach space enjoying the D2P and being midpoint locally uniformly rotund and it is known that the bidual of a Banach space with the SD2P can not be neither smooth nor strictly convex (see [1] and references therein).
In this paper we will continue exploring this connection in an opposite way. Roughly speaking, we wonder if a Banach space whose unit sphere is formed by big faces can fail the diameter two properties. This face structure can be encoded by the concept of polyhedral Banach spaces.
According to [5] , we shall give the following definition.
Definition 1.1. Let X be a Banach space.
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(1) We will say that X is I-polyhedral if
where the last accumulation is considered on the weak-star topology of X * and Ext(B X * ) denotes the set of all extreme points of B X * . (2) We will say that a Banach space X is II-polyhedral if
for some 0 < r < 1, where the last accumulation is considered on the weak-star topology of X * . (3) We will say that a Banach space X is III-polyhedral if
where the last accumulation is considered on the weak-star topology of X * . (4) We will say that X is IV-polyhedral if f (x) < 1 whenever
(6) We will say that X is VI-polyhedral if each x ∈ S X has a neighborhood V satisfying
(7) We will say that X is VII-polyhedral if the set
is open in S X for each v ∈ S X , where
(8) We will say that X is K-polyhedral if the unit ball of every finitedimensional subspace is a polytope, that is, the convex hull of a finite set.
It is known that each of the previous polyhedrality notions implies the following one and that no reverse implication holds [5] . It is also known that if X is a I-polyhedral Banach space then it is isometric to a subspace of c 0 (Γ), for Γ = dens(X) [5, Theorem 1.2]. Since every polyhedrality condition is inherited by closed subspaces then every infinite-dimensional I-polyhedral Banach space is a non-reflexive M -embedded Banach space [6, Example III.1.4] and, as a consequence of the proof of [7, Corollary 2.5], these spaces have the SD2P. Summarising, I-polyhedral Banach spaces enjoy the SD2P. However, it is not clear at all whether the rest of notions of polyhedrality imply any diameter two property.
The aim of this note is to provide examples of polyhedral Banach spaces failing the diameter two properties. Indeed, by giving a slight modification of [5, Example 4.1], we prove in Theorem 2.1 that, for each ε > 0, there exists a II-polyhedral Banach space whose unit ball contains slices of diameter smaller than ε, proving in Proposition 2.2 that this theorem can not be improved. We will also prove in Proposition 2.3 that there are VII-polyhedral Banach space whose dual unit ball contain a point of Fréchet differentiability by analysing [5, Example 4.5] . This result proves that K-polyhedrality, which is the most natural and classical generalisation of polyhedrality to an infinite-dimensional framework, is not related at all with the diameter two properties.
Notation: We will consider only real Banach spaces. Given a Banach space X, we will denote the closed unit ball and the unit sphere by B X and S X respectively. We will also denote by X * the topological dual of X. By a slice of a bounded subset C of X we will mean a set of the following form:
where f ∈ X * and α > 0. When X is itself a dual Banach space, the previous set will be a w * -slice if f belongs to the predual of X.
Given a Banach space X and a point x ∈ X, we say that x is a point of Fréchet differentiability if, for every h ∈ X, the following limit exists lim t→0 x + th − x t and it is uniform for h ∈ S X . It is known that x is a point of Fréchet differentiabity of X if, and only if, inf . Finally, we refer to [6] for a a detailed treatment about theory of M -embedded spaces.
Main results
As we have seen in Section 1, infinite-dimensional I-polyhedral Banach space are non-reflexive M -embedded Banach spaces and, as a consequence, this class of spaces enjoys the SD2P. However, it is not so clear whether a similar statement can be formulated in relation to the rest of notions of polyhedrality. Indeed, the next theorem proves that the unit ball of a II-polyhedral Banach space can even have slices of small diameter. Theorem 2.1. For every ε > 0 there exists a II-polyhedral Banach space X such that B X contains slices of diameter smaller than ε.
Proof. Pick ε > 0 and choose 0 < r < ε 2 . Define
which is clearly a weak * compact set in (c 0 ⊕ 1 R) * . Consequently, there is a norm ||| · ||| on c 0 ⊕ R whose unit ball is
Consider X := (c 0 ⊕ R, ||| · |||), and let us prove that X satisfies the desired requirements. First of all, the same argument of [5, Example 4.1] shows that X is a II-polyhedral Banach space. Indeed, it is clear that Ext(U * ) = {(0, ± (1 + r))} ∪ {(ξe n , ψ1) : n ∈ N and ξ, ψ ∈ {−1, 1}}.
1+r U * . Let us now prove that B X contains a slice of diameter smaller than ε. For this, notice that
Consequently, for each pair (x, β) ∈ X, it follows
Now consider δ > 0 such that (2.2) 2r + 3δ < ε.
Define S := S(B X , (0, 1 + r), δ), and let us prove that diam(S) < ε. To this aim pick (x, β) ∈ S. Then
The previous inequality joint to (2.1) yields
From the arbitrariness of (x, β), (y, γ) ∈ S we conclude that diam(S) ≤ ε, so we are done.
In view of the above theorem, a natural question is whether the unit ball of a II-polyhedral Banach space can be dentable. The answer is negative, which proves that the conclusion of Theorem 2.1 is sharp. Proposition 2.2. Let X be an infinite-dimensional II-polyhedral Banach space. Then B X does not have slices of arbitrarily small diameter.
Proof. Since X is II-polyhedral there exists r < 1 such that
Let us prove that each slice of B X has diameter, at least, 2(1 − r). To this aim pick a slice S := S(B X , g, α) and a point x ∈ S. Notice that (2.3) joint to the weak-star compactness of B X * implies that the set
is finite. Hence, we can consider y ∈ f ∈A ker(f ) ∩ ker(g) ∩ S X . Let us prove that x ± (1 − r)y ∈ S. On the one hand, we have
On the other hand, we have
From the definition of A and the assumptions on y we deduce that the previous estimate is smaller than or equal to 1. Summarising we have proved that x ± (1 − r)y ∈ S, so diam(S) ≥ 2(1 − r), as desired.
The next proposition proves that we can even go further when considering a more relaxed notion of polyhedrality. Proposition 2.3. There exists a VII-polyhedral Banach space whose dual unit ball contains points of Fréchet differentiability.
Proof. Let {ω n } n≥2 be a sequence in Then X is an example of VII-polyhedral Banach space which is not a VIpolyhedral Banach space [5, Example 4.5] . Our aim is to show that B X * has a point of Fréchet differentiability. Note that, from the definition of the norm of X, it follows that e 1 ∈ S X and e * 1 ∈ S X * . Pick ε > 0 and consider S ε = S(B X , e * 1 , ε). Given x, y ∈ S ε we have that 1 − ε < x(1) ⇒ 1 ≥ |||x||| ≥ max Consequently, B X * contains a point of Fréchet differentiability, so we are done.
